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ABSTRACT 
The linear-elastic response of a building structure subjected to an earthquake base excitation can be approximated as the 
response of a continuous, spatially inhomogenous, dispersive, viscoelastic solid subjected to vertically incident plane shear 
waves. The frequency-dependent phase velocity and attenuation of seismic energy at different wavelengths, together with the 
inertial properties of the multilayer solid characterize the response of the building structure. The objective of this study is to 
identify the structural system by estimating the parameters that characterize the propagation of seismic waves in an 
equivalent multilayer viscoelastic solid. To pursue this objective, first, the measured dynamic responses of a building 
structure are used to derive the frequency response functions (FRFs) of the floor absolute acceleration with respect to the base 
excitation using a seismic interferometry approach. The FRFs obtained from the measured structural responses are then 
compared with the FRFs estimated using analytical models for one-dimensional shear wave propagation in a multilayer 
Kelvin-Voigt dispersive medium. Through a recursive Bayesian estimation approach, the parameters characterizing the phase 
velocity and damping ratio of the multilayer medium are estimated. This study provides a step forward in seismic 
interferometric identification of building structures by proposing a new method for parametric estimation of shear wave 
velocity and damping dispersion at the story level of a building structure. The estimated shear wave velocities before and 
after a damage-inducing event can be used to identify permanent loss of effective lateral stiffness of the building structure at 
the story level, thus can provide an alternative method for structural health monitoring and damage identification. 
Keywords: Wave inversion, Dispersion, Bayesian estimation, Interferometry, Structural System Identification. 
INTRODUCTION 
The linear-elastic response of a building structure subjected to an earthquake base excitation can be approximated by 
modeling the propagation of seismic waves through a continuous, layered, viscoelastic solid. The velocity of shear waves, 
which are induced by seismic base excitation and propagating along the building height, can be estimated from the impulse 
response functions (IRFs) of the building structure, e.g., [1-6] to name only a few. Considering that the shear wave velocity is 
related to the lateral stiffness of the building structure, several studies have been able to detect structural damage in terms of 
loss of effective lateral stiffness by comparing estimated shear wave velocities from the pre- and post-damage IRFs (e.g., [7-
9]). 
In this study, an advanced sequential Bayesian estimation method for parametric estimation of wave dispersion in a 
continuous, multilayer, viscoelastic solid is proposed. While the proposed approach in this study is general and can be 
applied to other wave inversion problems, it is validated using a structural system identification case study. In this case study, 
a building structure is identified as a layered, dispersive, Kelvin-Voigt model, in which each layer represents a story or group 
of stories. Empirical functions are defined to characterize the dispersion of phase velocity and damping ratio at each layer. 
The parameters characterizing phase velocity and damping ratio as a function of frequency, and mass density profile along 
the building height are estimated and their estimation uncertainties are quantified by minimizing the discrepancies between 
the measured and predicted FRFs. 
PARAMETRIC ESTIMATION OF SEISMIC WAVE DISPERSION 
One-dimensional wave propagation in a multilayered Kelvin-Voigt model  
To analyze the seismic wave propagation in a building structure, the building is modeled as a horizontally layered shear beam 
on a rigid base excited by vertically incident plane shear waves (Figure 1). The shear force-deformation response of each 
 layer of the shear beam is characterized by a Kelvin-Voigt viscoelastic material model. The solution to the vertically 
propagating SH-wave in a layered shear beam for a harmonic motion of frequency f  can be expressed as [10] 
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in which A , B  = constants representing the amplitude of the waves travelling in z  and z  (upward and downward) 
directions, respectively, and 
** 2 Vfk   is the complex wave number. The term iVV 21*   is the complex shear 
wave velocity and Gf   is the damping ratio, where   denotes the viscosity and G  denotes the shear modulus of the 
Kelvin-Voigt material model.  
 
Figure 1. Multilayer Kelvin-Voigt shear beam model on a rigid base. 
By introducing a local coordinate system for each layer as shown in Figure 1, the displacement and force compatibility at 
each layer interface yields the following two equations. 
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where  tzum ,  and  tzm ,  represent the displacement and shear stress of layer m, respectively, and the shear stress is 
defined as 
z
u
G mmm 

 *  , in which the complex shear modulus is expressed as  mmm iGG 21
*  . Equations (2)-(3) 
can be solved to find the wave amplitude factors at layer m as a function of those at layer m+1. 
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in which 
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and 
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*
*  . By considering a stress-free surface at the top of layer n (i.e.,   0,0 tn ), it can be concluded that 
ABA nn  , where A  is a constant. Therefore, the recursive solution shown in equation (4) can be used repeatedly to 
find the following relationship between the amplitude of the travelling waves in layer m and layer n, i.e., the top layer. 
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where  fm ,θ  and  fm ,θ  are scalar valued functions of frequency and the wave model parameter vector, which is 
denoted by θ . The wave model parameter vector consists of shear wave velocity, density, and damping ratio of the layers. 
The absolute displacement (or acceleration) FRF (or transfer function) at the top of layer m with respect to the displacement 
(or acceleration) input at the base is denoted as  fHm ,θ  and is derived as  
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Dispersive model parametrization 
The shear wave propagation in building structures is known to be dispersive, i.e., shear waves of different wavelength 
propagate at different velocities. The flexural and flexural-shear modes of deformation are most likely the main reason for 
dispersion of shear waves in a building structure [11-12]. In order to account for the dispersion, an empirical function is 
proposed in this study to characterize the shear wave phase velocity as a function of frequency at each layer as  
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in which maxf  is the maximum frequency to be considered in the estimation (i.e., max0 ff  ). The phase velocity 
function has three degrees of freedom; thus, it can be fully characterized by determining the slopes at 0f  and maxff  , 
and the phase velocity at maxff  . To ensure a smooth positive phase velocity function, monotonically increasing with a 
negative curvature, the following constraints are defined for the phase velocity parameters at each layer. 
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Therefore, the phase velocity parameter vector to be estimated for layer m is defined as  VmVmVmVm cba ,,θ . Consequently, 
the phase velocity parameter vector for the multilayer model shown in Figure 1 is defined as  V
n
VVV θθθθ ,,,
21
 .   
Sequential Bayesian estimation of wave model parameters using FRFs 
The frequency domain is discretized into N sampling points with frequency spacing  
1
max

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N
f
f . At each sampling 
point, the FRFs are estimated from the analytical model and measurement data. The predicted FRF from the analytical model 
at the top of layer m at the k
th
 frequency sampling point is denoted as      I
mk
R
mkmmk
HiHfkHH  1,θθ , where 
R
mk
H  and  
I
mkH  are the real and imaginary parts of mkH , respectively, and i denotes the imaginary unit. The values of the 
estimated FRFs can be stacked in a tall vector, as 
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in which 
  12ˆ  knk y  ( Nk 1 ) is the predicted FRF vector, and n depicts the number of layers. Similarly, the 
measured FRFs are estimated at the same frequency sampling points and stacked in the measured FRF vector, ky , as 
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in which 
ˆˆ
mkG  is the estimated transfer functions (or FRF) between the output measurements at the top of layer m and the 
input excitations at the k
th
 frequency sampling point. The FRFs are estimated as 
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 where  f
gama

ˆˆ
 = cross spectral density between the floor absolute acceleration response measured at level m of a building 
structure,  ta
m
, and the ground acceleration input,  ta
g
, and  f
gaga

ˆˆ
 = auto spectral density estimate of  ta
g
. The 
auto/cross spectral densities are estimated using the Welch's method [13]. 
The unknown wave model parameter vector, θ , is modeled as a random vector (denoted by Θ ), whose values are uncertain 
and their uncertainties are characterized by a probability distribution function (pdf). The prior knowledge about the wave 
model parameter vector is modeled as a prior pdf. The prior pdf of Θ  can be updated to posterior pdf by extracting 
information from the discrepancies between the predicted and measured FRFs through the Bayes’ rule. The discrepancy 
between the predicted and measured FRFs is modeled as 
    ˆk k k y y θ v θ  (12) 
in which kv = simulation error vector, which is modeled herein as an independent and identically distributed Gaussian white 
noise. Assuming that the prior pdf of the wave model parameter vector is Gaussian, the posterior pdf can be derived as [14] 
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where 
   knkn
k
22 R  = covariance matrix of the simulation error vector kv ; 
θˆ  is the prior mean vector, and 
θθP
nn  ˆ  is the prior covariance matrix of the wave model parameter vector. Since kv  is modeled as an independent and 
identically distributed Gaussian white noise, kR  will be a diagonal matrix.  
Equation (13) results in a non-Gaussian distribution for the posterior pdf of wave model parameter vector. To simplify the 
mathematical derivations, the posterior pdf can be gaussianized using a first-order approximation. The first order Taylor 
series expansion of  θvk  with respect to θ  at θˆ  can be expressed as 
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k  is the model response sensitivity matrix and can be computed by analytically differentiating 
equation (6) with respect to θ .  Substitution of equation (14) into equation (13) results in the following equations to update 
the mean vector and covariance matrix of the gaussanized posterior pdf of Θ . 
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in which K is the Kalman gain matrix and can be expressed as [15] 
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The posterior estimates obtained from equation (15) should be corrected to satisfy the constraints shown in equation (8). For 
this purpose, the posterior Gaussian pdf that is resulted from equation (15) is truncated at the constraint edges. The 
constrained posterior mean vector and covariance matrix are then calculated using the truncated pdf. To this end, the wave 
model parameter space is transformed into a new space to decouple the constraints, so that each constraint equation will 
involve only one parameter in the transformed space. Then, the pdf of the transformed single parameter is truncated to correct 
for constraints and the corrected mean and variance (obtained from the truncated pdf) are transferred back to the wave model 
parameter space. More details about constrained recursive estimation can be found in [15] and [16]. 
 NUMERICAL CASE STUDY 
The benchmark building used for this case study is a 52-story building structure, instrumented as a part of the community 
seismic network (CSN) project [17-18]. A detailed three-dimensional linear-elastic model of the structural system has been 
developed in the structural analysis software ETABS [19] based on the available structural drawings [20]. The model is used 
to generate simulated structural response data for the purpose of validating the wave model parameter estimation method 
presented in this study. As mentioned before, each layer in the multilayer Kelvin-Voigt shear beam model represents a single 
story or group of stories of the building structures. In this case study, two different layering configurations are considered as 
presented in Table 1. In the first layering configuration, which is referred to as Case #1 model, the building structure is 
modeled as a 51-layer shear beam model. The basement and penthouse stories are combined together and modeled as a single 
layer. Every two layers between layers #2 and #49 have the same phase velocity and damping ratio parametrization. 
Therefore, 27 sets of phase velocity and damping ratio parameters, or   1352327   unknown parameters, characterize 
Case #1 model. In contrast, Case #2 model consists of a 51-layer shear beam model, in which each layer has an independent 
parametrization to characterize the phase velocity and damping ratio. Therefore, Case #2 model has   2552351   
unknown phase velocity and damping ratio parameters. Both Case #1 and Case #2 models have the same parametrization for 
mass density, as listed in the last column of Table 1. Since the mass distribution along the height of the building structure is 
piecewise uniform, many layers are expected to have similar mass densities. Furthermore, following equations (5) and (6), it 
can be concluded that the analytical FRFs depend on the relative mass density of the layers. To simplify the estimation 
process, the mass density of the top layer (i.e., layer #51) is set as a unit constant (i.e., 17  ). Thus, six unknown mass 
density parameters (i.e., 1  to 6 ) are used to characterize the mass distribution for both Case #1 and Case #2 models. In 
fact, each mass density parameter represents the relative mass density of the corresponding layer with respect to layer #51. 
The last three columns in Table 1 list the labels for parameter sets that characterize phase velocity (and damping ratio) and 
mass density. 
Table 1. ETABS model parameters and layering configurations used for multilayer Kelvin-Voigt dispersive shear beam 
model identification. 
 
Case #1 Case #2 Case #1&#2
Roof 5.0 240.4
52 5.5 301.6
51 5.8 314.4
50 7.6 1024.2 50 26 50 6
49 4.0 770.5 49 25 49 5
48 4.0 765.5 48 25 48 5
47 4.0 775.2 47 24 47 5
46 4.0 817.0 46 24 46 5
45 4.0 838.0 45 23 45 5
44 4.0 836.1 44 23 44 5
43 4.0 838.9 43 22 43 5
42 4.0 840.1 42 22 42 5
41 4.0 894.1 41 21 41 5
40 4.0 895.8 40 21 40 5
39 4.0 895.9 39 20 39 5
38 4.0 897.1 38 20 38 5
37 4.0 898.2 37 19 37 5
36 4.0 961.3 36 19 36 4
35 4.0 937.2 35 18 35 4
34 4.0 938.8 34 18 34 4
33 4.0 940.4 33 17 33 4
32 4.0 942.1 32 17 32 4
31 4.0 945.9 31 16 31 4
30 4.0 941.0 30 16 30 4
29 4.0 941.2 29 15 29 4
28 4.0 942.8 28 15 28 4
27 4.0 944.4 27 14 27 4
26 4.0 945.8 26 14 26 4
25 4.0 948.0 25 13 25 4
24 4.0 950.9 24 13 24 4
23 4.0 953.4 23 12 23 4
22 4.0 955.2 22 12 22 4
21 4.0 957.5 21 11 21 4
20 4.0 966.2 20 11 20 4
19 4.0 961.8 19 10 19 4
18 4.0 966.4 18 10 18 4
17 4.0 968.4 17 9 17 4
16 4.0 973.5 16 9 16 4
15 4.0 976.9 15 8 15 4
14 4.0 982.4 14 8 14 4
13 4.0 988.4 13 7 13 4
12 4.0 993.3 12 7 12 4
11 4.0 996.1 11 6 11 4
10 4.0 1000.9 10 6 10 4
9 4.0 1005.3 9 5 9 4
8 4.0 1010.1 8 5 8 4
7 4.0 1012.3 7 4 7 4
6 4.0 1032.5 6 4 6 4
5 4.6 1072.3 5 3 5 3
4 4.6 1103.1 4 3 4 3
3 4.3 1009.8 3 2 3 3
2 6.1 1100.8 2 2 2 2
1 4.6 3524.7
A 3.6 5830.9
B 3.0 3472.5
C 3.0 3363.5
D 3.0 3362.3
Layer LabelStory Mass (x 10
3
 kg)Height (m)Level
ETABS Structural Model Multilayer Shear Model
Parameter Set Label
51
1
27 51 7
1 1 1
,V ,V
 Structural system identification 
A 240-seconds long, 5% g root-mean-square (RMS) Gaussian white noise acceleration time history sampled at 50 Hz is used 
as the base acceleration time history to simulate the floor absolute acceleration responses of the building structure. Although 
such a long broadband base excitation is unrealistic in the real-world, it has been considered herein to provide an ideal 
condition for a proof-of-concept study to validate the performance of the proposed wave model parameter estimation method. 
The time histories of the floor absolute acceleration response in the direction of base motion are computed at the geometric 
center of the floors. No artificial measurement noise is added to the simulated responses. Spectral analysis method based on 
the Welch’s averaging method [21], is used to find the FRF of the floor absolute acceleration responses with respect to the 
input base acceleration. The acceleration time histories are divided into five estimation windows with 50% overlap. Each 
window is weighted by a Hann function. The auto/cross spectra densities are estimated across each window and averaged 
over the five estimation windows. The FRFs are estimated in the frequency range of 0 to 6 Hz, with a frequency spacing of 
0244.0f  Hz.  
The sequential Bayesian estimation algorithm described earlier is used to estimate the wave model parameters. The initial 
values for the phase velocity and damping ratio parameters are the same for all layers in both Case #1 and Case #2 models. 
The initial value for the phase velocity parameter vector is selected as  46,7,12000
,
V
initialm
θ  for each layer. The initial 
values for the relative mass densities can be selected based on the prior information about the mass distribution along the 
building height. Here, they are initialized based on the story masses defined in the model as 
   0.1,5.2,0.4,6.4,5.4,4.3,0.16,,,,
7621
  
initial
θ , where 0.17   is constant. Other different initial 
values for the wave model parameters have also been investigated to check the consistency of the estimation results. The 
prior wave model parameter covariance matrix is defined as a diagonal matrix, where the diagonal entries are selected by 
assuming a uniform 20% prior coefficient of variation (COV) for each wave model parameter..  
The wave model parameters are estimated considering both dispersive and nondispersive models. For the nondispersive 
system identification, the dispersive relation in equation (7) is simplified as   V
mm
afV   where 
V
m
a  denotes the constant 
(nondispersive) phase velocity for layer m. The same estimation procedure is used for the nondispersive identification. The 
initial values for the phase velocity and damping ratio for the nondispersive model are selected as m/s9.275, 
V
initialm
θ  and 
%1.2
,

initialm
θ , respectively, which are equivalent to the initial phase velocity and damping ratio of the dispersive model at 
Hz3f . 
Figure 2 compares the measured, initial, and estimated FRFs for Case #1 model at two layers: layers #1, and #33. The real 
and imaginary parts of the FRFs are plotted separately. As can be observed, the initial FRFs are significantly different from 
the measured FRFs, while the estimated FRFs using the dispersive model match the measurements with good accuracy. The 
identified dispersive model captures correctly all the mode shapes in the frequency range considered for estimation. This 
verifies the correct performance of the estimation algorithm in steering the initial model to reduce its prediction discrepancies 
with the measurements. The estimated FRFs are plotted for both the dispersive and nondispersive models. It can be 
concluded that the FRFs of the identified dispersive model match the measurements better than the nondispersive model and 
the identified dispersive model provides a better prediction of the measured FRFs.  
Figure 3 compares the estimation results for Case #1 and Case #2 dispersive models. This figure compares the final estimates 
of the phase velocity (Figure 3(a)) and damping ratio (Figure 3(b)) – both evaluated at Hz3f – the relative mass density 
profile (Figure 3(c)), and the relative root mean square errors (RRMSE) of the estimated FRFs (Figure 3(d)). The phase 
velocity and relative mass density estimates for the two models are comparable along the height of the building. 
Nevertheless, the damping ratio estimates show non-negligible differences. The inconsistency in the identified damping ratios 
is most likely due to the weak identifiability of the damping parameters. The RRMSE for the estimated FRF at level m is 
defined as 
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Figure 3(a) shows an unphysical fluctuation pattern in the phase velocity estimates along the building height, especially at 
lower and upper levels. The reason for this pattern can be justified by considering the estimation bias and the effects of model 
 uncertainty. Obviously, the response behavior of the structural model is physically different from a multilayer dispersive 
Kelvin-Voigt model, no matter how the wave model parameters are tuned. The difference is more dominant where there are 
sudden changes (or discontinuities) in the lateral stiffness along the height of the building. The 52-story building model has 
stiffness contrasts at the lower levels, where the upper ground braced frame structure connects to the basement shear wall 
structure, and at the penthouse location. These contrasts result in a mismatch between the response behavior of the structural 
model and the dispersive shear beam model, which in turn, results in biased and unphysical estimation of phase velocities. 
Figure 3(a) shows that the fluctuation pattern is more significant in the lower and upper levels of the building than the middle 
levels (i.e., layer #30 to #40), where the response behavior of the structural system is close to a shear beam model. It should 
be noted that by including higher modes in the estimation (i.e., considering larger frequency estimation range) the estimation 
bias will most likely be reduced, but will never be eliminated completely due to the effects of model uncertainties.   
  
(a) (b) 
Figure 2: Comparison of the measured (Meas), initial (Init), and estimated (Est) real (R) and imaginary (I) parts of the 
FRFs for Case #1 model at two layers: (a) layer #1, (b) layer #33. The estimated FRFs are plotted for both the dispersive 
(Est-D) and nondispersive (Est-ND) models. 
  
 
Figure 3: Comparison of estimation profiles for 
Case #1 and Case #2 models; (a) final estimates of 
phase velocity at Hz3f ; (b) final estimates of 
damping ratio at Hz3f ; (c) final estimates of 
relative mass density; (d) relative root mean 
square error (RRMSE) of the estimated FRFs. 
  (a) (b) (c) (d)  
 CONCLUSIONS 
This study proposed a sequential Bayesian estimation algorithm for estimating the parameters characterizing the propagation 
of seismic waves through a continuous, spatially non-homogenous viscoelastic solid. These parameters include those that 
characterize the phase velocity and damping ratio as a function of frequency, and the relative mass densities of a multilayer 
Kelvin-Voigt model. While the proposed Bayesian estimation method is general and can be applied to other waveform 
inversion problem, it was validated using a building system identification problem in this study. The case study showed the 
correct performance and accuracy of the proposed structural system identification approach, which can potentially be used for 
detection and localization of structural damage at the story level of building structures.  
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